The One-Turn Matrix
Let X 0 , X 0 , Y 0 , Y 0 be the initial horizontal and vertical positions and angles of a beam particle at some point along the equilibrium orbit of a synchrotron, and let X, X , Y , Y be the positions and angles at the point on the nth turn around the machine. Writing
where 
is the four-by-four transfer matrix for one turn around the machine. It will be convenient to partition Z 0 , Z and T into two-component vectors and two-by-two matrices. Thus
and
where
m = m 11 m 12 m 21 m 22 , n = n 11 n 12 n 21 n 22 .
The matrix elements of m and n are proportional to the skew quadrupole or solenoidal fields that give rise to linear coupling between the horizontal and vertical planes of oscillation.
Symplectic Conditions
The matrix T is symplectic. This means that 
Here we use S to denote both a two-by-two and a four-by-four matrix. A dagger ( †) is used throughout these notes to denote the transpose of a vector or matrix. Similarly we define 
The matrix S has the property
Taking the inverse of both sides of (9) we obtain T −1 S(T † ) −1 = S and therefore S = TST † (14) which is an equivalent form of the symplectic condition. Following Courant and Snyder [3] , we define the symplectic conjugate of a two-by-two or four-by-four matrix A to be
For two-by-two matrices we have (16) and it follows that AA = AA = (A 11 A 22 − A 12 A 21 )I = |A|I,
A + A = (A 11 + A 22 )I = (Tr A)I.
For the symplectic four-by-four matrix T we have 
we find that TT = TT = I implies |M| + |m| = 1, |N| + |n| = 1, Mn + mN = 0
and |M| + |n| = 1, |N| + |m| = 1, Mm + nN = 0.
Equations (22) and (23) are actually equivalent, and, as shown by Brown and Servranckx [4] , they impose a total of 6 independent constraints on the 16 matrix elements of T. The four-by-four symplectic matrix T is therefore specified by 10 independent parameters. Equations (22) and (23) also imply |M| = |N|, |m| = |n|.
Eigenvalues
It follows from the symplectic condition that if λ is an eigenvalue of T then so is 1/λ [3, 5] . We shall assume that the four eigenvalues of T are distinct and that none of them are equal to 1 or −1. One then has λ 1 , 1/λ 1 , λ 2 and 1/λ 2 as the eigenvalues, with λ 1 = λ 2 . The eigenvalues of
are then 
from which one can obtain λ 1 and λ 2 . Defining
where the phases ψ 1 and ψ 2 are in general complex, we have
Note that since the elements of T are real, the complex conjugate of an eigenvalue is also an eigenvalue. We shall assume that the four distinct eigenvalues of T lie on the unit circle in the complex plane. In this case ψ 1 and ψ 2 are real with cos ψ 1 = cos ψ 2 . The tunes associated with the eigenvalues are
and, under our assumptions, neither
Block-Diagonal Form
If we assume that T has distinct eigenvalues, then a theorem of linear algebra [6] tells us that T is similar to a diagonal matrix and the four eigenvectors associated with the eigenvalues are linearly independent.
Since the distinct eigenvalues are assumed to lie on the unit circle in the complex plane, the four eigenvalues are λ 1 , λ * 1 , λ 2 , λ * 2 , and we have
are the linearly independent eigenvectors. Defining matrices
we then have TV = VΛ.
Since the columns of V are linearly independent, the determinant of V is nonzero and the inverse V −1 exists. Thus we have
and the similarity transformation V −1 TV yields the diagonal matrix Λ. However, the diagonal elements are complex. We can obtain a block-diagonal matrix with real elements by working with the real and imaginary parts of the eigenvectors u and v. Following the treatment of Iselin [7] we let
where a, b, c, d are the real vectors
Then we have
The matrix T then becomes
Writing
where I, Λ 1 , Λ 2 are the two-by-two matrices
we then have
Carrying out the matrix multiplications we then find that
The similarity transformation W −1 TW therefore yields the block-diagonal matrix U which has real elements. Note also that
In Appendix I it is shown that the normalization of the eigenvectors can be chosen so that the matrix W is symplectic. If there is another symplectic matrix W for which
then we have
where, as shown in Appendix II, O must be of the form
with
and c 2 1 + s 2 1 = 1 and c 2 2 + s 2 2 = 1.
The Matched Ellipsoid
Writing the one-turn matrix in the block-diagonal form
we consider the matrix
One finds that
and since UU † = I we have
By construction the matrix E has unit determinant and is real, symmetric and positive definite. (A real symmetric matrix E is positive definite if and only if the quadratic form Z † EZ > 0 for every vector Z = 0.) It follows that the set of initial positions and angles X 0 , X 0 , Y 0 , Y 0 defined by
is a four dimensional ellipsoid. On the nth turn around the machine we have
But
and (by induction) (
Thus
and we see that the particle positions and angles lie on the same ellipsoid after each turn. The ellipsoid is then said to be matched to the lattice.
If there is another symplectic matrix W for which
then, as shown in Appendix II, we must have
Thus we have
and therefore
This shows that E is uniquely defined.
Edwards-Teng Parameterization
Edwards and Teng [8] , and more recently Billing [9] and Roser [10] , have shown that the symplectic four-by-four matrix T with eigenvalues
can be expressed in the form
Here the four-by-four matrix U is block-diagonal. The two-by-two matrices A and B have unit determinant and are expressed in terms of Courant-Snyder parameters. The four-by-four matrix R is symplectic and the two-by-two matrix W has determinant given by
The one-turn matrix T is therefore given in terms of the 10 independent parameters α 1 ,
and carrying out the matrix multiplications we find
Note that d = 0 implies m = n = 0. Since we are considering one-turn matrices T for which m and n are nonzero, we must then have d = 0. Equations (83) and (84) can be inverted to obtain A, B, W and d in terms of M, N, m and n. One finds
Here the sign in front of the square root is chosen so that U has the same sign as T . It then follows that d 2 ≥ 1/2. If there are no magnetic elements that couple the horizontal and vertical planes of oscillation, the matrix elements of m and n are zero and we have |m + n| = 0, U = T , and d 2 = 1.
Note that
These equations give the value of |m + n| if Q 1 , Q 2 and d 2 are known.
The Matched Ellipsoid Matrix in Terms of Edwards-Teng Parameters
Let us compare the block-diagonal form of Section 4 with that of Edwards and Teng. We have
The matrices A and B can be expressed as
Thus we can write
We then have
and, as shown in Appendix II,
Thus, we have
In terms of two-by-two matrices we then have
Note that since AA † = I and BB † = I we have
Weak Coupling Fields
Let us assume that the fields responsible for coupling between the horizontal and vertical planes are weak compared to the focusing fields of the lattice. Expressing T in the form
we find that
where W 1 , W 2 , C, and D are two-by-two matrices and the elements of C and D are small compared to those of W 1 and W 2 . As the coupling fields go to zero, the elements of C and D go to zero. In terms of W 1 , W 2 , C, and D, the matched ellipsoid matrix is
Thus, the matrix elements of C are small compared to those of F and G and go to zero as the coupling fields go to zero. In terms of the Edwards-Teng parameters we have
Since the sign of U is taken to be the same as the sign of T , we have d 2 ≥ 1/2, and it follows that the elements of Wg − fW † go to zero as the coupling fields go to zero. Thus if the coupling fields are sufficiently weak we may write
This approximation clearly holds if the elements of W are sufficiently small. It also can be true if the elements of W are not small, as we show in the next section.
Weak Coupling Fields with Small T
Weak coupling fields imply that
and Q x and Q y are the tunes one would obtain with no coupling between the horizontal and vertical planes. If the difference between these tunes is close to an integer, then T will be small. Let us assume that this is the case and assume further that
In order to satisfy this inequality, we adjust the lattice quadrupoles so that
where E is a fixed parameter chosen to satisfy
With T 2 given by (124), the expressions for U and d 2 become
and for 0 ≤ E << 1 we have
These approximations become exact if E = 0. Here we see that if (123) is satisfied, the elements of W are finite and not small. Moreover, since |g| = 1 and |f | = 1, the elements of Wg and fW † are also finite and not small. Thus, if the coupling fields are sufficiently weak, the elements of Wg − fW † will be small compared to those of Wg and fW † . We may then write Wg ≈ fW † .
Multiplying this by W from the left or by W † from the right, we have
We also have
We shall see that the approximation Wg ≈ fW † gives turn-by-turn equations that clearly exhibit the exchange of oscillation energy between the horizontal and vertical planes.
Approximate One-Turn Matrix
Let H be any two-by-two matrix that has determinant
and satisfies
Multiplying by H from the left we have
As shown in Appendix III, we must then have
The elements of H are
and the angle ω must satisfy
Thus, if the approximation Wg ≈ fW † is valid, we have
In this approximation the matrix T is symplectic and has the same eigenvalues as the exact matrix. However, it is completely specified by only eight parameters (α 1 , 
Normal-Mode Coordinates
On the nth turn around the machine, a beam particle whose initial positions and angles were X 0 , X 0 , Y 0 , Y 0 has positions and angles X, X , Y , Y given by
Defining
Here
where X 0 , X 0 , Y 0 , Y 0 and X, X , Y , Y are the initial and final (nth turn) normal-mode positions and angles. Partitioning into two-component vectors we have
and Z = U n Z 0 becomes
Thus the turn-by-turn evolution of the normal-mode coordinates is decoupled into two sets of equations. The matrices A n and B n are
Writing Z = R Z and Z 0 = R −1 Z 0 in terms of the two-component vectors defined above, we have
These equations show that the turn-by-turn motion in each plane is the superposition of two modes of oscillation, one with tune Q 1 and the other with tune Q 2 .
Courant-Snyder Invariants
It follows from the identities
and (by induction)
Using the normal-mode turn-by-turn equations
one then has
In terms of the matrix elements and vector components we have
These are the Courant-Snyder Invariants of the motion. They also can be written as
which show that each invariant is zero if and only if the corresponding normal-mode positions and angles are zero.
Note that since
we have
Writing the matched ellipsoid equation Z † E −1 Z = in terms of normal-mode coordinates and using E = RDR † we have
Envelope Parameters
Constraints on the range of the turn-by-turn positions and angles X, X , Y , Y follow from projections of the matched ellipsoid onto the X, X and Y , Y planes. The matched ellipsoid
has projections [11]
The positions and angles in the two planes are therefore constrained to remain inside the ellipses
Further constraints are imposed by the Courant-Snyder invariants
Returning to equations (164) and (165) we have
Now if d = 0 and |W| = 0, the matrices d 2 f , WgW † , WfW † , d 2 g all have inverses and are all positive definite. We may then write
and we see that X 1 , X 2 , Y 1 , Y 2 are each constrained to lie on an ellipse. The motion in each plane is therefore the superposition of motion on two ellipses. This characterization of the motion was first given by Ripken [12, 13] . The maximum possible values of X, X , Y , Y are given by the diagonal elements of the ellipse matrices. Thus
If the approximation Wg ≈ fW † is valid then
and equations (193) (194) (195) (196) become
Formulae for the Analysis of Turn-by-Turn Data Acquired from BPMs
Writing out the components of the equations
one finds [14] that the horizontal and vertical positions and angles of a bunch at a given BPM (Beam Position Monitor) on the nth turn around the machine are given by
(216)
Defining parameters
equations (211) and (212) become
If expressions (209) and (210) are fitted to the turn-by-turn positions obtained from a given BPM, then one obtains fitted parameters
, and η 2 . If the turn-by-turn angles at the BPM are also known, then a fit of expressions (222) and (223) to the data yields values for parameters β 1 , α 1 , β 2 , α 2 , and for parameters β 1 , α 1 , β 2 , α 2 . We shall see that having the values of all of these parameters allows for a determination of all of the Edwards-Teng parameters. This then gives the complete one-turn matrix. We will also show that if the approximation Wg ≈ fW † is valid, then some of the Edwards-Teng parameters can be determined from a smaller set of fitted parameters.
Amplitudes and Phases
The amplitudes A 1 , A 2 , B 1 , B 2 and phases φ 1 , φ 2 , η 1 , η 2 are given by
where X 0 , X 0 , Y 0 , Y 0 are the initial normal-mode coordinates. These in turn are given by
where X 0 , X 0 , Y 0 , Y 0 are the initial positions and angles of the bunch at the BPM. Equations (224-231) give
Here we see that by forming the ratios [15]
one obtains functions of the Edwards-Teng parameters that are independent of the initial conditions.
Using the identities cos(A − B) = cos A cos B + sin A sin B (238)
equations (224-231) also give
(242)
Here again one obtains functions of the Edwards-Teng parameters that are independent of the initial conditions.
Determination of d 2 and the Coupling Strength
The fitted parameters A 1 , A 2 , B 1 , B 2 , β 1 , β 2 , β 1 , β 2 allow for a determination of the parameters d 2 , D 1 , and D 2 . Using the relations
and the ratios
which give the value of d 2 . The values of D 1 and D 2 are then given by
The coupling strength is determined from relation
Here the determinant |m + n| is proportional to the square of the skew quadrupole or solenoidal fields that couple the motions in the horizontal and vertical planes. Note that one also can obtain |m + n| by adjusting the lattice quadrupoles so that T = 0. In this case one has
Now, if the approximation Wg ≈ fW † is valid, then
and we have
and the ratios R 1 , R 2 , R become
The parameter d 2 is then given by
Here we see that only the fitted parameters A 1 , A 2 , B 1 , B 2 are needed to obtain d 2 .
14. 
If the approximation Wg ≈ fW † is valid, then
and the expressions for the cosine and sine of (φ 1 − η 1 ) and (φ 2 − η 2 ) become
In this case one does not need the values of D 1 and D 2 to obtain W 11 , W 12 , and W 22 .
Excitation of a Single Normal Mode
If just one of the normal modes is excited, say the one with tune Q 1 , then we have
Here we see that the turn-by-turn positions and angles in the X, X and Y , Y planes lie on ellipses. If turn-by-turn data are available for X and X , then a fit of equations (264) to the data yields values for parameters Q 1 , A 1 , φ 1 , β 1 , and α 1 . Similarly, a fit of equations (265) to turn-by-turn data for Y and Y yields values for Q 1 , B 1 , η 1 , β 2 , and α 2 .
The turn-by-turn positions in the X, Y plane also lie on an ellipse. Here we have
and assuming sin ω 1 = 0, we can write
and we see that the horizontal and vertical positions lie on an ellipse with Courant-Snyder parameters β and α.
15 Turn-by-Turn "Action" Variables
As mentioned at the beginning of these notes, one of the hallmarks of linear coupling is the exchange of oscillation energy between the horizontal and vertical planes when the difference between the tunes is close to an integer. Here we exhibit this phenomenon by examining appropriately defined "action" or amplitude variables under the approximation
Consider the projections
of the matched ellipsoid
onto the X, X and Y , Y planes. As already mentioned, these show that the positions and angles in the two planes are constrained to remain inside the ellipses
This suggests that we define "action" variables J x and J y such that
are the Courant-Snyder parameters of the two ellipses.
The turn-by-turn positions and angles X, X , Y , Y are given by
The expressions for X and Y then become
Using these approximations we then have
The approximation Wg ≈ fW † also implies
It follows that
Here we see clearly the periodic exchange of oscillation amplitude between the two planes. Since
, the period of the exchange is
turns. The sum of the "action" variables is approximately constant, a result that also follows from the standard Hamiltonian treatment of difference resonances. Note that we also have
as one might expect.
Propagation of Edwards-Teng Parameters
We include here for completeness a derivation of the formulae for propagating the Edwards-Teng parameters from one point in a synchrotron to another. The derivation is similar to that given in Ref. [16] except that an alternate proof is given for the result that the four-by-four matrix (L) which transforms U from one point to another is block diagonal.
Let T 0 and T be the transfer matrices for one turn around the machine starting at s 0 and s respectively, and let M be the transfer matrix from s 0 to s. Then we have
and it follows that T 0 and T have the same eigenvalues which we have assumed are distinct and all lie on the unit circle in the complex plane. In terms of the Edwards-Teng matrices we have
(333)
(335) We have assumed here that A has the same eigenvalues as A 0 and that B has the same eigenvalues as B 0 . The only other possibility is that A has the same eigenvalues as B 0 while B has the same eigenvalues as A 0 . This second possibility is discussed in Ref. [16] and will not be considered here.
The Matrix L
In terms of the Edwards-Teng matrices, the equation
Multiplying by R −1 from the left and by R from the right we obtain
where L is the four-by-four matrix
and L 1 , L 2 , l 1 , l 2 are two-by-two matrices. Since R 0 , M, and R are symplectic, so is L. These equations show that once L is known, we can obtain U and R from U 0 and R 0 , i.e.
Proof that L is Block-Diagonal
We now show that, under our assumptions, L must be block-diagonal. Writing (340) as UL = LU 0 we find
Now, if |l 1 | = 0 or if |l 2 | = 0, then either B and A 0 , or A and B 0 are related by a similarity transformation. It then follows that A and B have the same eigenvalues, which contradicts our assumption that the eigenvalues of T are distinct. Thus we must have
Since L is symplectic we then have
Equations (343) and (344) then become
and using
we obtain
Equations (350) therefore become
and we have (
It is easily shown that if a matrix M satisfies MM † = 0, then all of its elements must be zero. Thus we have
where b 1 = 0. It follows immediately that all elements of l 1 must be zero. One finds the same for l 2 . Thus L is block-diagonal and we can write
16. 
where M ij are two-by-two matrices. Writing (361) as RL = MR 0 we have
Then since |L 1 | = |L 2 | = 1, equations (364) give
Thus L 1 and L 2 are completely determined by d 0 , W 0 , M 11 , M 12 , M 21 , and M 22 .
Once L 1 and L 2 have been calculated from equations (366) and (367), we can obtain W from either of equations (365). One finds
As already shown, we also have
Following the treatment of Iselin [7] we have 
where W and W are symplectic. Multiplying this by W −1 from the left and by W from the right we have
Thus UO = OU
and writing
where P, Q, L, V are two-by-two matrices, we have
Carrying out the matrix multiplications one then finds AP = PA, BQ = QB, BL = LA, AV = VB.
Suppose now that |L| = 0. Then we have
and it follows that B and A have the same eigenvalues. This contradicts our assumption that the eigenvalues of T are distinct. Thus we must have |L| = 0. Similarly, one finds that |V| = 0. Thus the equations BL = LA and AV = VB imply
and A = cos ψ 1 sin ψ 1 − sin ψ 1 cos ψ 1 , B = cos ψ 2 sin ψ 2 − sin ψ 2 cos ψ 2 .
Carrying out the matrix multiplications, one finds (L with similar equations for the elements of V. Since having both sin ψ 1 = 0 and sin ψ 2 = 0 would contradict our assumption of distinct eigenvalues, at least one of these must be nonzero. It then follows that all elements of L must be zero. The same is true for V. Thus
Now, writing out the matrix elements of PA = AP and QB = BQ, one finds (P 12 + P 21 ) sin ψ 1 = 0, (P 11 − P 22 ) sin ψ 1 = 0 (407) (Q 12 + Q 21 ) sin ψ 2 = 0, (Q 11 − Q 22 ) sin ψ 2 = 0.
Here our assumption that no eigenvalue is equal to 1 or −1 implies that neither sin ψ 1 nor sin ψ 2 can be zero. Thus we have P 21 = −P 12 , P 22 = P 11 , Q 21 = −Q 12 , Q 22 = Q 11 .
The matrices O, P, and Q therefore must be of the form
Furthermore, since O is symplectic, we must have c 2 1 + s 2 1 = 1 and c 2 2 + s 2 2 = 1, and therefore
